Patterns of chiral symmetry breaking and a candidate for a C-theorem in four dimensions by Levinsen, J


















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































2be asymptotically free. We now want to compare the
values of the C-function in the ultraviolet and infrared
xed points, for all irreducible representations of com-












at the xed points. Here, N
0
is the number of mass-
less real scalars, N
1=2
is the number of massless Dirac
fermions and N
1
is the number of massless gauge bosons.





d(r) + 12d(G) (4)
where d(r) and d(G) are the dimensions of the represen-
tation r and of the gauge group G, respectively.
The value of the C-function at the infrared xed point
is given by the number of massless degrees of freedom,
i.e. the dimension of the Goldstone manifold. Thus it
depends on the way in which chiral symmetry is sponta-
neously broken. There are believed to be three ways in
which this can happen [15], a conjecture which has very
recently been investigated in the context of lattice gauge
theories [16]. The three classes of breaking to consider
are:
 The representation of the fermions is pseudo-real.
Spontaneous breaking of chiral symmetry in this





 The representation is complex. Here we expect








 The representation is real. This case is similar to
the pseudo-real case, but here the expected sym-





These cases can be labelled by their Dyson-indices,
 = 1,  = 2 and  = 4 respectively, due to a connection
to Random Matrix Theory [17]. That these classes of
spontaneous symmetry breaking actually do occur in the
N
c
!1 limit has been proven in ref. [18] for the classes
 = 2,  = 4 with arguments easily extended to  = 1
[5]. Each case assumes maximal symmetry breaking con-
sistent with the Vafa-Witten theorem [19] and thus gives
an upper bound on the value of the C-function in the





















+ 1)   1 for  = 4:
(5)
It is useful to note that c
IR
( = 2)  c
IR
( = 1) <
c
IR







]) for fermions in a represen-
tation r
0
of G with dimension d(r
0
) and index l(r
0
), then
FIG. 1: Upper bounds on the number of avors as a func-







() and asymptotic freedom
(N).







]), d(r)  d(r
0
) and l(r)  l(r
0
).
It is in the sense of the last two inequalities, that we
will talk about the smallest representation.
II. GROUPS AND REPRESENTATIONS
We now perform a systematic investigation of simple,
compact Lie-groups in the Cartan classication.
SO(N
c
): Since SO(2) is abelian, SO(3)  SU (2),
SO(5)  Sp(4), SO(6)  SU (4) and since SO(4) is not




 7. The di-
mension of SO(N
c




  1)=2 while the
index of the adjoint representation is `(G) = N
c
  2.
The dening representations are real ( = 4) and for




















+ 1)  1: (6)




































3FIG. 2: The upper bounds on N
f









This is illustrated in Fig. 1. We now use the lemma
on all other representations of SO(N
c
), since all have
`(r)  1 and d(r)  N
c
. Thus, this function satises the





): The dimension of Sp(2N
c





+ 1) and the index of the adjoint representation
is `(G) = 2(N
c
+ 1).
The representations of Sp(2N
c
) are all real or pseudo-
real. The fundamental representations of Sp(2N
c
) are all



















  1)  1: (9)

































This is illustrated in Fig. 2. It is seen that for N
c
=
1 corresponding to Sp(2), we have a non-trivial bound,
N
f
 8 instead of the bound of N
f
< 11 obtained from
demanding asymptotic freedom. For N
c
= 2 it looks like
there is another non-trivial condition but in this case
both conditions give the same bound, namely N
f
 16.
Since all pseudo-real representations have `(r)  1 and
d(r)  2N
c
we conclude from the lemma that the C-




FIG. 3: Upper bounds on N
f
for the smallest real represen-
tation of Sp(2N
c
), requiring that the C-theorem be fullled
() and asymptotic freedom (N).
Considering now the real representations, the smallest




 1) 1 and `(r) = 2(N
c
 1)







































































and the situation is illustrated in Fig. 3. It is seen, that
for N
c




and since this was the
smallest real representation, by the lemma we conclude






): The group SU (2) plays a special role, so
we begin by considering N
c






  1 and `(G) = 2N
c
. The fundamental repre-
sentations are complex, they all have `(r) = 1 while the
dimension is d(r) = N
c

















4FIG. 4: The upper limits on N
f
as a function of N
c
for the






















=2, so that (16)
is automatically satised as illustrated in Fig. 4. This
result was already noticed in ref. [14]. All other complex
representations have larger dimensions and indices than
the fundamental representation. Thus we conclude, that




The adjoint representations are always real and have
`(r) = 2N
c
and d(r) = N
2
c







































This is much above the bound of N
f
< 11=4 from the




for the adjoint representations of SU (N
c
).
But there are other real and pseudo-real representa-
tions, and for these it is not possible to select the smallest.
Thus it seems like we have to check the representations
on a case-by-case basis. This was done in ref. [5] up to
and including SU (9) and it was found, that only SU (4)
and SU (6) have representations that are both smaller
than those of the adjoint representations and satisfy the
constraint from asymptotic freedom. For SU (4) there
are three relevant real representations, out of which the























which is above the bound of N
f
< 11 from the condi-
tion (2). We now use the lemma on the other two real
representations.
SU (6) only has one relevant representation which is





is automatically satised, since it trans-
lates into N
f
 (121 + 3
p
2001)=4 which is much above
the bound of N
f
< 11=2 from (2).
Turning now to the group SU (2) the smallest pseudo-
real representation is the fundamental, which has `(r) =
1 and d(r) = 2. The bound of N
f
< 11 from the re-





465)=4  8:6. However, this is as
expected since SU (2)  Sp(2) so this is in fact the same
representation which had this feature for Sp(2). For the
real representations the smallest has `(r) = 4, d(r) = 3
so that the bound of N
f
 (17 + 3
p





is much above the bound of
N
f
< 11=4 from (2).
The exceptional groups: For the exceptional groups we
only need to calculate the bound on N
f
`(r) from the
requirement of asymptotic freedom and then check the




has adjoint index 24 and the condition (2) thus be-
comes N
f
`(r) < 66. The relevant representations are the
fundamental and the adjoint. The fundamental represen-
tation is complex and has d(r) = 27, `(r) = 6 and the







the adjoint index is 36 and thus N
f
`(r) < 99
from (2). There are two relevant representations, the
fundamental is pseudo-real and has d(r) = 56 and `(r) =
12, while the adjoint representation has dimension d(r) =







only has one relevant representation, the fundamen-
tal which coincides with the adjoint. Here d(r) = 248





For the group F
4
the adjoint index is `(G) = 18 and
the condition for asymptotic freedom is N
f
`(r) < 99=2.
Again there are two relevant representations. The fun-
damental representation is real and has d(r) = 26 and





for the fundamental representation this
is also the case for the adjoint.
The last group, G
2
, has adjoint index `(G) = 8 and
thus N
f
`(r) < 22. There are three relevant representa-
tions, all real. The adjoint representation has d(r) = 14
5while the fundamental is the smallest with d(r) = 7,




for the fundamental we need
not check the others.
III. CONCLUSION
To conclude, we have performed a systematic inves-
tigation of all representations of simple, compact Lie
groups. We have shown that in only one case, the re-
quirement of asymptotic freedom is insuÆcient to ensure
that the candidate C-function considered in this paper
decreases from the ultraviolet to the infrared. This one
case is for one pseudo-real representation of the gauge
group SU (2)  Sp(2). In all other cases, demanding






This result supports the general belief that Cardy's
proposed C-function is the most likely candidate if
Zamolodchikov'sC-theorem is to be extended to four di-
mensions. Alternatively, this may be viewed as an in-
dication of a non-trivial upper limit on the number of
avors in the SU (2) theory consistent with spontaneous
breaking of chiral symmetry.
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